Real analyticity of hausdorff dimension for 
expanding rational semigroups 



HIROKI SUMI AND MARIUSZ URBANSKI 

Abstract. We consider the dynamics of expanding semigroups generated by finitely 
many rational maps on the Riemann sphere. We show that for an analytic family of 
such semigroups, the Bowen parameter function is real-analytic and plurisubharmonic. 
Combining this with a result obtained by the first author, we show that if for each semi- 
group of such an analytic family of expanding semigroups satisfies the open set condition, 
then the Hausdorff dimension of the Julia set is a real-analytic and plurisubharmonic 
function of the parameter. Moreover, we provide an extensive collection of examples of 
analytic families of semigroups satisfying all the above conditions and we analyze in detail 
the corresponding Bowen's parameters and Hausdorff dimension function. 
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1. Introduction 

A rational semigroup is a semigroup generated by a family of non-constant rational 
maps (7 : C — i- C, where C denotes the Riemann sphere, with the semigroup operation being 
functional composition. A polynomial semigroup is a semigroup generated by a family of 
non-constant polynomial maps on C. Research on the dynamics of rational semigroups was 
initiated by A. Hinkkanen and G. J. Martin ([8, 9]), who were interested in the role of 
the dynamics of polynomial semigroups while studying various one-complex-dimensional 
moduli spaces for discrete groups of Mobius transformations, and by F. Ren's group ([41, 
7]), who studied such semigroups from the perspective of random dynamical systems. 

The theory of the dynamics of rational semigroups on C has developed in many directions 
since the 1990s ([8, 41, 9, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 37, 38, 31, 32, 33, 
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21, 34, 35]). Since the Julia set J{G) of a rational semigroup generated by finitely many 
elements /i, . . . , /s has backwaird self-similcirity i.e. 

(1.1) J(G) = f{\J{G)) u ■ ■ ■ u f;\J{G)), 

(See [22, 24]), it can be viewed significant generalization and extension of both the theory of 
iteration of rational maps (see [14]) and conformal iterated function systems (see [12]). The 
theory of the dynamics of rational semigroups borrows and develops tools from both of these 
theories. It has also developed its own unique methods, notably the skew product approach 
(see [24, 25, 27, 28, 31, 32, 33, 35]). We remark that by (1.1), the analysis of the Julia sets of 
rational semigroups somewhat resembles "backward iterated functions systems" , however 
since each map fj is not in general injective (critical points), some qualitatively different 
extra effort in the cases of semigroups is needed. 

The theory of the dynamics of rational semigroups is intimately related to that of the 
random dynamics of rational maps. For the study of random complex dynamics, the reader 
may consult [5, 3, 4, 2, 1, 6]. The deep relation between these fields (rational semigroups, 
random complex dynamics, and (backward) IFS) is explained in detail in the subsequent 
papers ([29, 30, 31, 32, 33, 34, 35]) of the first author. 

In this paper, wc analyze in detail the Hausdorff dimension of Julia sets of expanding 
rational semigroups. Our approach utilize the powerful tool of thermodynamic formalism, 
developed in [27] and a version of Bowen's formula for the Hausdorff dimension of Ju- 
ha sets, also proved in [27]. We introduce Bowen's parameter as the unique zero of the 
pressure function. This is an invariant of the generator systems of the semigroup. Wc 
then develop a finer analysis of holomorphic families of Perron- Frob cuius type operators, 
and eventually apply Kato-Rellich perturbation theory ([10]) to get real-analyticity of the 
pressure function, as depending on the complex parameter. Then the Implicit Function 
Theorem completes the task. Bowen's formula, which is mentioned above, identifies the 
Hausdorff dimension of the Julia set with Bowen's parameter, whenever in addition the 
open set condition is satisfied. We thus obtain that under these assumptions the Hausdorff 
dimension function depends in a real-analytic manner on the parameter. We also show 
that Bowen's parameter function is real-analytic and plurisubharmonic, even if we do not 
assume the open set condition. The real analyticity of Hausdorff dimension, or, in a sense, 
more accurately, of Bowen's parameter, goes back to Ruelle's paper [16], where hyperbolic 
rational functions were considered. The reader may also consult [42] and [40]. Our ap- 
proach stems from that in the [40] paper. We develop it and work out techniques to deal 
with a qualitatively different case of semigroups. 

Our article ends with a collection of examples illustrating variety of behavior of the 
Hausdorff dimension function, Bowen's parameter function (ex. it can be strictly less than 
2 or strictly bigger than 2 on an open set of multi-maps), expandingness and the open set 
condition. 

We remark that as illustrated in [30, 35], estimating the Hausdorff dimension of the Julia 
sets of rational semigroups plays an important role when wc investigate random complex 
dynamics and its associated Markov process on C. For example, when we consider the 
random dynamics of a compact family F of polynomials of degree greater than or equal 
to two, then the function : C — >■ [0, 1] of probabihty of tending to oo e C varies only 
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inside the Julia set of rational semigroup generated by F, and under some condition, this 
Too : C — >■ [0, 1] is continuous in C. If the Hausdorff dimension of the Julia set is strictly 
less than two, then it means that : C ^ [0, 1] is a complex version of devil's staircase 
(Cantor function) ([29, 30, 35]). 

2. Preliminaries and the main results 

In this section we introduce the notation and basic definitions. We also formulate our 

main results. Their proofs will be concluded in Section 7. 

Throughout the paper, we frequently follow the notation from [24] and [27]. 

Definition 2.1 ([8, 41, 7, 9]). A "rational semigroup" G is a semigroup generated by a 
family of non-constant rational maps g : C ^ C, where C denotes the Riemann sphere, 
with the semigroup operation being functional composition. A "polynomial semigroup" is 
a semigroup generated by a family of non-constant polynomial maps on C. For a rational 
semigroup G, we set F{G) :— {z & C \ G is normal in a neighborhood of z} and J{G) :— 
C\F{G). F{G) is called the Fatou set of G and J{G) is called the Julia set ofG. If G 
is generated by a family then we write G = (/i, /2, ■ ' ' )• 

For the study of the dynamics of rational semigroups, see [8, 41, 7, 9, 17, 18, 19, 20, 22, 
23, 24, 25, 26, 27, 28, 29, 30, 37, 38, 31, 32, 33, 21, 34, 35], etc. 

Definition 2.2. For each s G N, let := {1, . . . , s}^ be the space of one-sided sequences 
of s- symbols endowed with the product topology. This is a compact metric space. We denote 
by Rat the set of all non-constant rational maps on C endowed with the topology induced 
by uniform convergence on C. Note that Rat has countably many connected components. 
In addition, each connected component U of Rat is an open subset of Rat and U has a 
structure of a finite dimensional complex manifold. For each f — (/i, . . . , fs) G (Rat)*, we 
define a map 

f -.EsXC^EsXC 

by the formula 

f{uj,z) = {a{uj), foj,{z)), 
where {uj,z) G Eg x C, uj — {uji,uj2, ■ ■ ■), and cr : E^ — > E^ denotes the shift map. This 
/ : Eg X C ^ Eg X C zs called the skew product map associated with the multi-map 
f = (/i,...,/s) G (Rat)*. We denote 6?/ tti : E^ x C — )■ E^ the projection onto E^ and 
7r2 : Eg X C — )■ C the projection onto C. That is, 7Ti{uj, z) = uj and tt2{cu, z) = z. For each 
n G N and {cu, 2;) G E^ x C, we put 

{n'{u:,z) := (/.„o...o/^J'(;,). 

We put Jt^(/) := {2; G C I o • • • o /a;i}neN is not normal in each neighborhood of z} for 
each a; G E5 and we set 

J{f) ■■= U^eE.{c^} X JM), 
where the closure is taken in the product space E^ x C. This is called the Julia set of 
the skew product map f. Moreover, we set F{f) :— (Eg x C) \ J{f). Furthermore, we set 
deg(/):= E;=ideg(/,). 
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Remcirk 2.3. By definition, J{f) is compact. Furthermore, if we set G — {fi,...,fs), 
then by [24, Proposition 3.2], we have all of the following. ■ 

(1) J(/) is completely invariant under f; 

(2) / is an open map on J{f); 

(3) if tl</(G) > 3 and E{G) := {2; e C | ^ ^geG g~^{z} < co} ^■s included in F{G), then 
(/, is topologically exact; 

(4) J(/) is equal to the closure of the set of repelling periodic points of f if ^J{G) > 
3, where we say that a periodic point (cu, z) of f with period n is repelling if 
\{t)'{uj,z)\>l; and 

(5) 7r2(J(/)) = J(G). 

Definition 2.4 ([27]). A finitely generated rational semigroup G = (/i, . . . , fs) is said to 
be expanding provided that J{G) ^ and the skew product map / : x C — >■ x C 

associated with f = (/i, . . . , fs) is expanding along fibers of the Julia set J{f), meaning 
that there exists r] > 1 and C e (0, 1] such that for all n>l, 

(2.1) inf{||(/7(z)||:^e J(/)}>C<, 

where we mean in the above formula \\ • \\ to denote the absolute value of the spherical 
derivative. 

Definition 2.5. Let G be a rational semigroup. We set 

P{G) :— Ug^aiO'll critical values of g : C ^ C} (c C) 

and this is called the postcritical set ofG. A rational semigroup G is said to be hyper- 
bolic ifP{G) (1F{G). 

Remcirk 2.6. Let G — {fi, . . . , fg) be a rational semigroup such that there exists an element 
g E G with deg{g) > 2 and such that each Mobius transformation in G is loxodromic. Then, 
it was proved in [23] that G is expanding if and only if G is hyperbolic. 

Definition 2.7. We define 

Exp(s) := {(/i, . . . , fs) e (Rat)^ | (/i, • • • , fs) is expanding}. 

We also set S* := U°^j^{l, . . . , sY (disjoint union). For every a; G U S* let \u\ be the 
length of ou. For each f — (/i, . . . , fg) G (Rat)* and each ui = {cui, . . . ,u)n) e E*, we put 

/a; /u;„ O • • • O fm- 

Then we have the following. 

Lemma 2.8. Exp(s) is an open subset o/(Rat)*. 

Proof. Let / = (A, . . . , /,) e Exp(5). Then, by (2.1) and the fact 7r2( J(/)) = J((/i, . . . , /,)) 
(Remark 2.3), there exists an n e N such that 

(2.2) inf{||(^)'(y)|| : u E E,*, = n, y G f-\J({fi, fs)))} > 3. 
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For each subset ^4 of C and r > 0, we denote by B{A,r) the r- neighborhood of A with 
respect to the spherical distance on C. Let e > be any small number. Then, by (2.2), for 
each a; e E* with — n, 

(2.3) /.-'(^(^((/i, ■■■,/.)), e)) C B{J{{f„ ...,/,)), e/2). 

Hence, there exists a neighborhood U of / in (Rat)* such that for each g = {gi, . . . , gg) ^ U 
and each ou with — n, 

(2.4) gZ\B{J{{fu ...,/,)), 6)) C i?( J((/i, ...,/.)), e) 

and 

(2.5) \\{9.ny)\\ > 3/2 for each y e g-\B{J{{f,, . . . , /,)), e)). 

By (2.4), for each g E U, {gi, . . . , g's) is normal in C\ S( J((/i, . . . , fg)), e). Hence, it follows 
that for each g & U, 

(2.6) J((yi,...,^,))cS(J((/i,...,/,)),e). 

By (2.5), (2.6), and the fact T^2{J{g)) — J{{gi, ■ ■ ■ , Qs)), we obtain that for each g e U, 
{gi, . . . , gs) is expanding. We are done. □ 

Definition 2.9. Let / = (/i, . . . , /«) e Exp(s) and /et / : x C ^ x C 6e the skew 
product map associated with f = {fi, . . . , fg). For each t eM, let P{t, /) be the topological 
pressure of the potential ip(^z) := — tlog ||/'(2;)|| with respect to the map f : J{f) — t- J{f). 
(For the definition of the topological pressure, see [15].) We denote by 6{f) the unique zero 
oft !->■ P{t, /). (Note that the existence and the uniqueness of the zero of P{t, f) was shown 
in [27] This 5{f) is called the Bowen parameter of f — (/i, ■ ■ ■ , fs) £ Exp(s). 

In this paper, wc consider the following situation: 

Definition 2.10. Let K be a finite dimensional complex manifold. For each j = 1, . . . , s 
and each A G A, suppose that there exists a rational map fxj : C ^ C. For each X E A, 
we set G\ :— (/a,i, . . . , f\,s)- The collection {GaIaga is called an analytic family of rational 
semigroups if 

(a) For every 1 < j < s and every z E C, {z, A) i->- f\,j{z) is a holomorphic map from 
CxAtoC. 

Furthermore, the collection {GaIagA is called an analytic family of expanding rational semi- 
groups if {GaIaga is an analytic family of rational semigroups and for all A e A, Ga is 
expanding. 

Example 2.11. Let A be a connected component ofExp{s). For each f = (/i, . . . , fs) E A, 
let Gf := (/i, . . . ,fs). Then, by Lemma 2.8, {G/}/gA is an analytic family of expanding 
rational semigroups. 

We will give a large collection of examples of analytic families of expanding rational 
semigroups in Section 8. 

In order to state the main results, we need the following notation. 
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Definition 2.12 ([11]). LetX be a finite dimensional complex manifold. An upper semicon- 
tinuous function u : X — )■ MU{— oo} is said to be plurisubharmonic if for each holomorphic 
map (/?:©—)■ X, where 3 := {z & C : \z\ < 1}, the function m o : © — )■ M U {-co} 
is subharmonic. A function v : X — )■ M U {+00} is said to be plurisuperharmonic if 
— V : X — >^ R U {—00} is plurisubharmonic. 

Definition 2.13. For any subset A ofC, we denote by HD(/1) the Hausdorff dimension of 
A with respect to the spherical distance on C. 

Definition 2.14. Let f = (/i, . . . , fg) G (Rat)'' be an element and let G = (/i, . . . , fs) ■ Let 
also U be a non-empty open set in C. We say that f (or G) satisfies the open set condition 
(with U) ifU'j^J-\U) C U and f~\U) n f~\U) = for each {i,j) with i ^ j. There 
is a stronger condition. Namely, we say that f (or G) satisfies the separating open set 
condition (with U) ifU'j^^f-\U) C U and f^^(U) n f^^(JJ) = for each {i,j) with i ^ j. 
Furthermore, we say that f (or G) satisfies the strongly separating open set condition (with 
U) ifU'j^J[\U) C U and fr\U) f] f[\U) = for each (i,j) with i 7^ j. 

The main purpose of this paper is to prove the following results: 

Theorem 2.15. (^Theorem Let A be a finite dimensional complex manifold. Let 
(GaIaga an analytic family of expanding rational semigroups, where Gx = (/a,i, • • • , fx,s)- 
For each X E A, we set fx := (/a,i, • • • , fx,s) ^ (Rat)*. Then, the Bowen parameter function 
A !->■ 5{fx) defined for all X & A, is real- analytic. Also, {X,t) i->- P{t, fx), {X,t) e A x 
R, is real- analytic, X 1— )■ l/S{fx),X G A, is plurisuperharmonic, X ^ 5{fx),X G A, is 
plurisubharmonic, and X i-> \og6{fx), X E A, is plurisubharmonic. Furthermore, for a fixed 
t G M, the function X 1— ?> P{t, fx), X E A, is plurisubharmonic. 

Theorem 2.16. (^Theorem Let A be a finite dimensional complex manifold. Let 
{Ga}aga be an analytic family of expanding rational semigroups, where Gx = {fx,i, ■ ■ ■ , fx,s)- 
Suppose that for each X & A, Gx satisfies the open set condition i.e., for each A G A there 
exists a non-empty open set Ux in C such that {Jj^if^j{Ux) C Ux and fxi{Ux)(^fxjiU>^) — ^ 
for each {i,j) with i 7^ j. Then, the Hausdorff dimension function X 1— )■ HD(J(Ga)), A G 
A, is real- analytic. Besides, X 1— )> 1/HD(J(G'a)), A G A, is plurisuperharmonic, X 1— )■ 
HD(J(Ga)),A G a, is plurisubharmonic, and X h- )■ logHD(J(GA)), A G A, is plurisub- 
harmonic. 

Remcirk 2.17. There exist a number of elements g = {gi, . . . ,gs) G Exp(s) such that the 
Hausdorff dimension function f — (/i, . . . , fg) i->- HD( J((/i, . . . , /«))) is not continuous at 

g. For example, let g = {z'^, z^) G Exp(2) and for each X with < A < 1. let fx '■= {z^ , Xz^) 
and Gx := {z^,Xz^). Then, for each < A < 1, J{Gx) = G C : 1 < |z| < 1/A} 
which implies HD(J(Ga)) = 2. However, JiGi) = J{{z'^,z'^)) = {z e C : \z\ = 1} and 
HD(J(Gi)) = 1. 

Remark 2.18. 

• There is a rich collection of finitely generated rational semigroups G = {fi, ■ ■ ■ , fs) 
such that int J(G) 7^ and J{G) ^ C. For example, for each A G C with < | A| < 1, 
J((z^ Az^)) = G C : 1 < 1^1 < 1/|A|}. 
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• If a finitely generated rational semigroup G — {fi, ■ ■ ■ , fs) satisfies the open set 
condition with an open set U, then by [8, Corollary 3.2], J{G) C U. If, in addition 
to the above, J{G) ^ U, then int J{G) = (See [25, Proposition 4.3]). 

• Suppose a finitely generated rational semigroup G = (/i, . . . , fg) satisfies the sepa- 
rating open set condition with the set U. Then, by [8, Corollary 3.2], [23, Theorem 
2.3], and [24, Lemma 2.4], we have that int J(G) = and J{G) is disconnected. In 
particular, J{G) is a proper disconnected subset of U. 

• If a finitely generated expanding rational semigroup G = {fi, . . . , fg) satisfies the 
open set condition with the set U and J{G) ^ U , then by [28, Theorem 1.25] and its 
proof, the Julia set J{G) is porous anc?HD(J(G)) < 2. In particular, if an expanding 
rational semigroup G = (/i, . . . , fs) satisfies the separating open set condition with 
the set U , then J{G) is porous and HD( J(G)) < 2. 

The proofs of Theorem A and Theorem B are given in Section 7. They make use of the 
thermodynamic formalisms and the perturbation theory for bounded linear operators on 
Banach spaces. 

We give some additional remarks. 

Definition 2.19 ([27]). Let G be a countable rational semigroup. For any t > and 
z & C, we set Sc^z^t) := X^^gc Sg(i/)=z Ib'l^)!! *' counting multiplicities. We also set 
Sciz) :— mi{t > : So{z,t) < oo} (if no t exists with Sa{z,t) < oo, then we set 
Sg{z) := oo). Furthermore, we set sq{G) := inf{S'G(^) : z G C}. This so{G) is called the 
critical exponent of the Poinceire series of G. 

Definition 2.20 ([27]). Let / = (/i, . . . , /,) e (Rat)^ t>0, andze C. We put Tf{z, t) := 
Sljgs* S^(j/)=2 ll/(!)(y)ll counting multiplicities. Moreover, we set Tf{z) := inf{t > : 
Tf{z,t) < oo} (if no t exists with Tf{z,t) < oo, then we set Tf{z) = oo). Furthermore, 
we set to{f) := mf{Tf{z) : z G C}. This to(/) is called the critical exponent of the 
Poincare series of f = (/i, . . . , Z^) G (Rat)"*. 

Remark 2.21. Let f = (/i,...,/,) G (Rat)^ t > , z e C and let G = (/i,...,/^). 
Then, Scitjz) < Tf{t, z), Sg{z) < Tf{z), and Sq{G) < to{f). Note that for almost every 
f G (Rat)^ with respect to the Lebesgue measure, G = (/i, . . . , fg) is a free semigroup and 
so we have Soit, z) — Tf{t, z), Sg{z) — Tf{z), and So{G) — to{f). 

Definition 2.22. Let G be a rational semigroup. Then, we set 

A{G) := Ug^G9i{z eC:3ue G,uiz) = z, \u'iz)\ < 1}). 

Lemma 2.23. Let / = (/i, . . . , /,) g Exp(s). Then S{f) = to{f). 

Proof. Let G ^ if I,..., fs). By [27], A{G)UP{G) C F{G) and for each z G C\{A{G) U 
P(G)), 5(f) = Tf{z). Let z G A{G) U P{G). If there exists an n & n such that for each 

cu G {1, . . . , s}"^ and each y G f^^{z), we have y E C \ {A{G) U P{G)), then by the previous 
argument, Tf{z) = S{f). If there exists a strictly increasing sequence (uj)'^-^ of positive 
integers such that for each j G N, there exists an u G {1, . . . , s}"^ and a y E fi^^{z) with 
y G A{G) U P{G), then by [25, Lemma 1.30], Tf{z) = oo. Thus, we have S{f) = to{f). We 
are done. □ 
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Remark 2.24. Let / = (/i, . . . , f^) e Exp(s) and let G ^ {fi, . . . , fg). Then, by [27] and 
Lemma 2.23, we have HD(J(G)) < sq{G) < Sg{z) < S{f) = Tf{z) = to{f), for each 
^ G C \ {A{G) U P{G)). In addition to the above assumption, if G satisfies the open set 
condition i.e., if there exists a non-empty open set U in <C such that Uj^if^^{U) C U and 
f,~\U) n f^\U) = for each {i,j) with i ^ j, then by [27], 

HD(J(G)) = so{G) = Sg{z) = S{f) = Tf{z) = to{f), 

for each zeC\ {A{G) UP{G)). 

Remark 2.25. The Bowen parameter 5{f) can be strictly larger than two (See [27, Example 
4.14]^. In fact, a small neighborhood U of {z^,z'^/A,z'^/3) e Exp(3) satisfies that for each 
f & U, S{f) > 2. For details, see Section 8. 

In the sequel [39], we will give some estimates of 5{f). 

3. EXPANDINGNESS 

In this section, we show that for an element / = (/i, ■ ■ ■ , /s) £ Exp(s), the skew product 
map / : J(/) — )■ J(/) associated with is an expanding map in the sense of 

Chapter 3 of [15]. We need more notation. 

Let / = (/i, . . . , fs) e (Rat)* and let G := (/i, . . . , Z^). For every n < \uj\ let = 
(o^i, a;2, . . . , ujn). If a; e E*, we put 

[u] = {r G : r||^| = uj]. 

If cu, T G U S*, a; A r is the longest initial subword common for both uj and r. Let a be 
a fixed number with < a < 1/2. We endow the shift space with the metric pa defined 
as 

with the standard convention that a°° = 0. The metric da induces the product topology 
on E^. Denote the spherical distance on C by p and equip the product space E^ x C with 
the metric p defined as follows. 

p{{uj, x), (r, y)) = max{pa{uj, r),p{x, y)}. 

Of course p induces the product topology on E^ x C. Using the fiberwise expanding property 
(2.1), [24, Proposition 3.2] and the expanding property of the shift map cr : E^ — >■ E^, it is 
fairly easy to prove the following. 

Theorem 3.1. Let G = (/i, . . . , fs) be an expanding rational semigroup. Let / : x C — )■ 
Eg X C 6e the skew product associated with f = [fi, . . . , fg). Then, the dynamical system 
f : J{f) — )■ J(/) is a topologically exact open distance expanding map (in the sense of 
Chapter 3 of [15] meaning that 

(a) The map f : J{f) — >■ J(/) is open. 

(b) The map f : J{f) — >■ J(/) is Lipschitz continuous. 
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(c) There exists q > 1 and 5 > such that 

p{r{y),r{x))>4p{y,x) 

for all x,y E J{f) with p{x, y) < 25. 

(d) The map f : J(/) — )■ J(/) is topologically exact. 

In addition q and 5 depend only on C,ri in (2.1) and the Lipschitz constant of f : J{f) — >■ 
J(/). Note that 25 is an expansive constant of the map f : J{f) — >■ J{f); in particular it 
is an expansive constant for the shift map cr : — >■ E^. 

4. J-STABILITY 

In this section, we construct a conjugacy map h : J{f) J{g), when / e Exp(s) and 
g is close enough to /. This conjugacy will be used to construct an analytic family of 
Perron-Frobenius operators. 

Define the metric on (Rat)* as follows: for any / = (/i, . . . , fs),g — {gi, . . . ,gs) G 
(Rat)*, we set 

Poo{f,g) Poo{f,g) sup{p(/(^),^(^)) : ^ e E, X C}, 

where / (resp. g) denotes the skew product map associated with / = (/i,---,/s) (resp. 
g — {gi, . . . , gs)). Given a set D C E^ x C and r > 0, we put 

B{D, r) = e E^ X C : p{z, D) < r}. 

where 

p{A, B) = inf {p(a, b) ■.{a,b)eAx B}. 
Similarly, given a set D C (Rat)* and r > 0, we put 

B{D,r) {/ e (Rat)* | Poo{f,D) < r}. 

Let Comp*(Es x C) be the set of all non-empty compact (^closed) subsets of E^ x C and 
let Comp*(C) be the set of all non-empty compact (^closed) subsets of C. The Hausdorff 
metric on pn on Comp*(Ss x C) is defined as follows. 

Ph{A,B) = inf{A C B{B,r) k B d B{A,r)}. 

r>0 

The Hausdorff metric pn on Comp*(C) is defined analogously. Let ^ : Exp(s) — >■ Comp*(C) 
be the map defined by ^(/i, ■ ■ ■ , /s) := J{{fi: ■ ■ ■ ■, fs))- Then, we have the following. 

Lemma 4.1. The map ^ : Exp(s) — >■ Comp*(C) is continuous. 

Proof. Let f = (/i, . . . , /s) G Exp(s). By [8, Theorem 3.1], [24, Lemma 2.3 (g)], and [27, 
Lemma 3.2], we have 

(4.1) J((/i, ...,/,)) = {zet:3ue (/i, ...,/,) such that u{z) = z, \u'{z)\ > 1}. 

Hence, for any e > 0, there exists a finite set Qf = {^ij, • • • , C;,/} such that J((/i, . . . , /g)) C 
B{Qf,e/2) and such that each ^jj is a repelling fixed point of some Ujj G (/i, . . . 
By Implicit Function Theorem, it follows that there exists an open neighborhood U of 
f such that for each g — {gi,...,gs) G U and each j with 1 < j < I, there exists a 
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repelling fixed point ^j^g of some Uj^g e {gi, ■ ■ ■ ,gs) such that p{Cj,f, ^j,g) < e/2. Therefore, 

setting Qg := {^i.^ .... ^i,g}, wc obtain that for each g G U, J((/i, . . . , fg)) C B{Qg, e) C 
B{J{{gi, . . . , gs)),e). Combining this with (2.6) in the proof of Lemma 2.8, it follows that 
the map "if : Exp(s) Comp*(C) is continuous at f. We are done. 

□ 

Remark 4.2. In [22], some results which are similar to Lemma 2.8 and Lemma 4-1 have 
been shown, regarding the dynamics of finitely generated hyperbolic rational semigroups 
having elements of degree greater than or equal to two. 



Proposition 4.3. The function f 
is continuous. 



(/i, •••,/.) ^ J{f) from Exp(s) to Comp*(S, x C) 



Proof. Fix f = (/i, . . . , fs) e Exp(s). Now fix e > 0. Since J{f) is the closure of all 
repelling periodic points of f, there exists a finite set P — {^i, ■ ■ ■ ,^1} C J(/) of repelling 
periodic points of f such that 

(4.2) J{f)cB{P,e/2). 

Choose p > 1 so large that f^ fixes every point in P. We may assume that for each 
j — 1,. . . ,1, > 8- Since all points ^1, ^2, ■ ■ ■ , 6 of P are repelling, there exists 

< r < e/2 and for every 1 < j < I there exists a continuous inverse branch /^^ : 
B(^j,Ar) ^ X C of /P such that /^7(0) = and 



(4.3) 



< 1/4 



for all z e B{^j,4r), where {fl^)'{z) := ((/^)'(/e7(^)))"^- Write = {uJ^,Zj), where Zj e C 
and uJ^ e Eg is the infinite concatenation of a finite word ui^ of length p. There then exists 
a unique injective meromorphic inverse branch /J"/. : B{zj,^r) — >■ C of /^^j : C — >■ C such 



that 



f7'{T,y) = {uj^T,f-jM) 



for all y e B{zj,Ar). In particular f^j^j{zj) — Zj and, by (4.3), 



< 1/4 



for ally e B{zj,4:r). Thus, there exists rii > such that if g = {gi, . . .gs) G B{f,r)i) — {g — 

(gi, . . . , gs) G Exp(s) : Pooif, g) < then for every 1 < j < I there exists a meromorphic 
inverse branch g^j . : B{zj,2r) — )■ C of g^j : C — ?> C such that g^j .{B^Zj^r)) C B(zj,r) 



and, furthermore, ||(fi'j/^)'(|/)|| < 1/2 for all y G B(zj,r). It therefore follows from the 
Banach Contraction Principle that there exists Xj G B{zj,r), a unique fixed point of g~^^ : 

I and 



B{zj,r) B{zj,r), and \\igj,:y{xj)\\ < 1/2. Consequently gP{uj^ 



\\i~9 



> 2. Hence, 



, Xj 



(UO^ ,Xi 



using (4.2), we get that 



G J{g)- Since also p((i 



U\Xj),^j) 



p{xj,Zj) < e/2. 



J{f)GB{J{g),e). 
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In order to prove the "opposite" inclusion (with appropriately smaller rji) suppose on the 
contrary that there exists a sequence {gn)'^^=i — {{9n,i, ■ ■ ■ , 9n,s))'^^=i C Exp(s) such that 
lim„_,oo 5'n = / and 

jajn((s,xC)\5(J(/),5)) ^0 

for all n > 1. For every n > 1 choose a point Zn belonging to this intersection. Since 
the space x C is compact, passing to a subsequence, we may assume without loss of 
generality that the sequence (zn)'^^^ converges. Denote its limit by z. Since z ^ B{J{f),e), 
this point is in F(f). So, by Lemma 3.13, p.401 in [27], there exists q > I such that 
'^2{f'^{z)) e F{{fi, . . . fs)). Applying Lemma 4.1, we therefore conclude there exists 9 > 
such that for all n > 1 large enough 

MHz)) e B(7r2(nz)),e) C F(5„), 

where Sn '■— {gn,i, ■ ■ ■ , gn,s)- Since lim„^oo -^n = z, we thus have that 

n^i-glizn)) e B(7r2{nz)),e) C F(Sn) 

for all n > 1 large enough. On the other hand, 7r2{g^{zn)) G 7r2( J(^n)) — J{Sn)- This 
contradiction finishes the proof. □ 

Fix now f = {fi,...,fs) e Exp(s). Then there exists p > 1 such that 

(4.4) ii(/^ywii>4 

for all z G Since J{f) is compact and the function z ^ ||(/^)'(^)|| continuous on 

E5 X C, there exists 9' > such that 

ll(/7WII>3 

for all z G B{J{f),9'). Combining this and Proposition 4.3, we see that that there exists 
9" G (0, 9'] such that 

for all g = (^1, . . . , G B{f, 9") and all z G B{J{g), 9'). 

Now using the a bove, in particular Proposition 4.3, fairly straightforward continuity type 
considerations and [25, Theorem 2.14] lead to the following. 

Lemma 4.4. Suppose that f = (/i, ■ ■ ■ , fs) G Exp(s) and let p > 1 be given by (4-4)- Then 
there exists a number 9 = 9^p > such that the following properties are satisfied. 

(a) For all g = (^1, . . . , G B{f, 9f), all x G B{J{g), 9^p) and all y G B{x, 9^p), 

||(^^')'(y)||>2, p{gp{x),ny))>M^,y) 

and ^^1^(2,0(1)) is one-to-one and g^{B{x,9^p)) D B(gP(x),29^p). 

(b) Ifge B{f,9^p) and {^^"(a;) : n > 0} C B{J{g),9^P), then x G J(g). 



As a direct consequence of item (a) of this lemma we get the following. 
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Lemma 4.5. Suppose that f — (/i, . . . , fs) G Exp(s) and let p > 1 be given by (4-4)- U 
g = (gi, ...,gs) e B(f, 9^p), n>l, and gP^{x) e B(J(g), Of) for allO<k<n, then there 

exists a unique continuous inverse branch g-^^ : B{gP^{x),9f^) B{x,ef) ofgP^ sending 
g^{x) to X. In addition, is Lipschitz continuous with Lipschitz constant < 2~'^ and 
~g-pn^B{gP^{x),ef))(lB{x,ef). 

From now onwards, unless otherwise stated, assume that the integer p > 1 ascribed to f 
by (4.4) is equal to 1. We then call f simple. 

Recall that a sequence {xi)f^Q C x C, < n < oo is called a ^-pseudoorbit with 
respect to the map / : x C ^ x C provided that 

p{f{xi),Xi+i) < 7 

for alio < i < n — 1. The pseudoorbit (xj) "^q is said to be /3-shadowed by a point x e Eg x C 
provided that 

p{xi,f{x))<(3 

for all < i < n. 

We shall prove the following. 

Lemma 4.6. Assume the same as in Lemma 4-4 (and so the same as in Lemma 4-5) ■ 
Fix P e {0,ef^/2]. Suppose that (x,)r=o C B {J (g) , of^ / A) is a /3 -pseudoorbit for the skew 
product map g. For every < i < n — 1, let yi = ^"^(xj+i), which is defined since 

x,,~g{xi) e B{J{g),ef) andxi+i e B{g{xi),P) C B{g{xi),ef). Then for allQ< i < n-1, 

we have 

(a) yi G B{xi,9^p /2) and g{yi) = x-i^i G B{J{g),6^^^). So, in view of Lemma 4-5, each 

inverse branch g~^ : B(^g(yi),6^^^) B[yi,9^p /2) is well defined. 

(b) For allO<i< n- 1 

g-\B{xi+i,P)) cB{xi,P) 
and, consequently, all the compositions 

9? - ~9y' o g-^ 0...0 g-\^ : B{xi, /3) ^ X C 

are well defined for all i = 1,2, ... ,n. 

(c) (g~\B(xi, f3))).^^ is a descending sequence of non-empty compact sets. 

(d) fy^^Qg^^{B{xi,/3)) ^ and all the elements of this intersection ^-shadow the pseu- 
doorbit (Xi)^^Q. 

(e) If n — +00; then the intersection in the item (d) is a singleton which belongs to 

Proof Since {xi%Q is a ^-pseudoorbit, g{xi) G B{xi+i, C B{J{g),ef /2) C B{J{g),0f^). 
By the Lipschitz part of Lemma 4.5, — g~^^(xi+i) G B(xi,/3/2) C B(xi,9f^ /2) C 
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B[J[g),d''p) and item (a) is proved. In order to prove item (b) take an arbitrary point 
z e B{xi+i, P), < i < n — 1. Applying the Lipschitz part of Lemma 4.5 again, we get 

p{9y!'{z),Xi) < p[gy^{z),y,) + p{yi,Xi) 
< 2-^/3 + 2-^/3 = /3. 

Hence, /?)) C B{xi,f3) and item (b) is proved. Item (c) is now an immedi- 

ate consequence of (b), and the first part of (d) is an immediate consequence of (c) and 
compactness of the sets g^\B{xi, (3)). Since for every < k < n, 

t (^y{B{x,,P))^ C ~g\g-k''){B{xk.(3)) = B{xu.P). 

the second part of item (d) follows. Since f]^^Qg-\B{xi,/3)) = g^"{B{xn, [3)), it follows 
from Lemma 4.5 that diam (HiLo W\B{xi, /?))) < 2~"/9, and the singleton part of item (e) 
follows. Obviously 

(4.5) ^,"(5(a;,,/3)) C g7n\B{xn,ef^ /2)) 

and B{xn, O'^p /2)r\J{g) $ as Xn & B{J{g), 6^/4). Since the set J{g) is completely invari- 
ant under g, wc conclude that J{g) n^-"(5(a;„, of^ /2)) ^ 0. Thus r\n=o9n''(B{xn, Of /2)) 
is a singleton belonging to J{g). The second part of item (e) is then concluded by invoking 
(4.5). 

□ 

As a straightforward consequence of Lemma 4.4 and Lemma 4.5 we get the following. 

Proposition 4.7. Assume the same as in Lemma 4-4- Then for every g G B{f,9''p), the 

number 6^ is an expansive constant of g : J{g) — >■ J{g) meaning that if x,y e J{g) and 
P{9^{y)^ 9^{x)) < for all n > 0, then x — y. 

Now if y and z /3-shadow the same pseudoorbit (x„),^^o, then p(^"(|/), ^"(^)) < 2/3 < Of. 
Thus, as an immediate consequence of Lemma 4.6 and Proposition 4.7, we get the first 
part of the following. 

Proposition 4.8. (shadowing lemma) Assume the same as in Lemma 4-4- Then for every 
g e B{f,ef '') and every /3 G (0,^^72]; every /3-pseudoorMt {xn)n=o ^ B{J{g),ef/4) is 
/3-shadowed by a unique element x e J{g)- If in addition a"'{uj) — 7ri(x„) for all n > 0, 
then Tri{x) — ui. 
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In order to see the second part of this proposition, just notice that Pa{cr"{7^i{x)), < 
P < and d^p is an expansive constant for the shift map cr : — >■ E^. 
By Proposition 4.3 there exist 6^ E (0, ^^^V^] such that 

(4.6) PH{J{~9):J{f))<ef^/A 

(2) 

whenever Poo{g, f) ■ We shall prove the following main result of this section. 



Theorem 4.9. Suppose that f G Exp(s) is simple. Then for every g e B{f,ey>) there 
exists a unique homeomorphism h — kg : J{f) J{g) with the following properties. 

(a) goh = ho f, 

(b) TTiO h = Til, 

(c) The homeomorphism h : J{f) — )■ J{g) is Holder continuous with the Holder exponent 

(2) 

Kf and the same Holder constant Lf, which is thus the same for allgeB{f,9y'). 

(d) Poo,Jif)ihAd) := snp{p{h{z)Jd{z)) : z G J(/)} < 

Proof Fix g e B{f,ef). Fix also z e J{f). Then using (4.6), we get (/"(2))~=o ^ 
B{J{g),eflA) and 

p{r^\z)rgCf^{z))) = p(/(r(^)),^(r(^))) < Poo(/,^) < ef < ef/?,. 

Therefore, in view of Proposition 4.8 (shadowing lemma) applied with (5 = 0^/3, there 
exists a unique element, denote it by h{z) G J{g), that 6^ /3-shadows the pseudoorbit 

(/"(^))^Q. In addition 7ii{h{z)) = 7Ti{z). So, we have defined a map h : J{f) J{g) such 
that in particular, the property (b ) is satisfied. Also, for every n > 0, 

(4.7) p{nh{z)),nz))<P^ef^/3, 

and reading it with n = 0, we get item (d). Also, reading (4.7) for all n > 1, in the form 
p{g''-\g{h{z))), f^'-^fiz))) < Of /3, we see that the point ~g{h{z)) 9 f /2- shadows the 
pseudoorbit (/"'(/(z)))J^o- Thus g{h{z)) = h{f{z)) and item (a) is established. In order 
to prove item (c) fix L > 1, a Lipschitz constant of / : E^ x C — >■ E^ x C. Take x,y E J{f) 
with < p{x, y) < 9^/3. Let k >0 be the largest integer such that 

(4.8) L'pix,y)<9f'>/3. 
Then 

(4.9) L>^+'p{x,y)>9P/3. 
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It follows from (4.8) that p{P{x), f\y)) < 9^^ /?, for all j = 0,1,2, k. Hence, invoking 
(4. 7), we get for every j — 0,1,2, ... ,k that 

p(9'(Hx)),gHh{v))) < p{!,'(h{x)),f'{x)) + p{f'(x),f'{v)) + p(f'{y),9Hh{v))) 

Hence, Lemma 4.5 and Lemma 4.4 yield 

p(Ma:),Ml/))=p(^Mt)(^'(M^)))'^Mt)(^'(Ml/)))) 
<2-'p{~g'^{h{x))),f{h{y))) 

<2-Hf. 

. log 2 log 2 log 2 

Since, by (4.9), 2"'= = L'"^ < {3L/ey') iogLpioeL(^x,y), we therefore conclude that 

p{h{x),h{y)) < ef\3L/ef^)^p^{x,y), 

and the Holder continuity in condition (c) is proved. In order to prove that h : J(/) — > 
J{g) is 1-to-l suppose that x,y & J{f) and h{x) — h{y). Then wc get from (4.7) that 
p{f^{x), f^{y)) < 29'"p /?) for all n>0, equality x — y follows from Proposition 4.7. So, in 
order to complete the proof of our theorem, wc only need to show that h : J{f) — )■ J{g) 
is surjective. Indeed, hx y E J{g) . Reasoning analogously as in the very beginning of the 
proof, we get that 

{ny))n=o c B{j{h 4'V4) and p[r^\y), firm < 

for all n > 0. Therefore, again analogously as in the beginning of the proof, we conclude 
that there exists a point x G J{f) that 6^^^ / 3- shadows the pscudoorbit (^"(i/))^o- Writing 
out what this means, we get that p{f^{x), g^iv)) < df^ /3. But this also means that the 
{6^j ^ / 3) -pscudoorbit {f"'{x))'^^Q is o'^p /3-shadowed (with respect to the map g by the point 
y). So, y = h{x) and we are done. □ 



5. Perron-Frobenius Operators and Their Regularity Properties 

In this section, we investigate some complex analytic families of Perron-Frobenius oper- 
ators on the Banach space of Holder continuous functions.. 

Fix a simple element f G Exp(s). Denote by Cq the Banach space of all complex-valued 
continuous functions on J{f ) endowed with the supremum norm \\ ■ \\^. Fix a > 0. Given 
ip E Cq let 

K = inf{L > : \^{y) - ^{x)\ < Lp{y,xT for all x,y e J(/)}, 
be the a-variation of the function (p and let 
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Clearly the space 

H„ = H«(J(/)) = WeCo: \Ma < 00} 

endowed with the norm \ \ ■ \ \a is a Banach space densely contained in Co with respect to 
the II • lloo norm. Each member of is called a Holder continuous function with exponent 
a. For each Banach space B, we denote by L[B) the space of bounded operators on B 
endowed with the operator norm. 

Let W be an open subset of with some q > I. Suppose that for every X ^ W there is 
given a function £ H^. The formula 

defines a bounded linear operator acting on the Banach space Cq, called the Perron- 
Frobenius operator of the potential (x. It is straightforward to check that L\ preserves 
the Banach space Hq,. We shall prove the following. 

Lemma 5.1. If the map \ ^ L(Ha), A G W , is continuous and for every z e J(/) the 
function A 1-^ Ca(-2); A e W, is holomorphic, then the map Cx E L{B.a) is holomorphic 
on W. 

Proof. It follows directly from our assumptions that for every if G Ha and every z G J(/) 
the function 

A ^ Lx^{z) = J] e^^(^V(a;) e C, A G W", 
xe/-i(^) 

is holomorphic. Fix a one-dimensional round disk D C W. Let 7 C -D be a simple 
closed curve. Fix (p e H^ and z G J{f)- By Cauchy's theorem j^Cx^{z)d\ — 0. Since 
the function A i-> Cx^ G Ha is continuous, the integral J^Cx'pdX exists and for every 
z G J{f), we have {J^jCx<^dX){z) — J^Cx<p{z)dX — 0. Hence, j^Cx^dX — 0. Now, since 
the function X ^ Cx ^ L{Ha) is continuous, the integral j^CxdX exists and for every 
(p G Ha, {J^ CxdX){ip) = j^CxpdX = 0. Thus, J^CxdX = and in view of Morera's 
theorem, the function A t— )■ £a G L{Ha) is holomorphic in D. So, we are done in virtue of 
Hartogs Theorem. The proof is complete. □ 

Notation: For any parameter Aq G and any i? > 0, we set B{Xq, R) :— {A G : 
IjA-Aoll <i?}. 

In order for Lemma 5.1 to be applicable we shall prove the following. 

Lemma 5.2. If for every X G W, we have that (x ^ Hq, the function A h- )■ Ca ^ Z5 
continuous and for every z G J(/) the function A i-> Ca(^)? A G W, is holomorphic, then 
the map X^ Cx & L(iia), A G W, is continuous. 
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Proof. Fix Xq e W and R > so small that -B(Ao, R) C W. By our assumptions there 
exists M > such that 

(5.1) |Ca(^)I<M 
for all z e J(/) and all A G B{Xo, R/2). Let 

|e* - 1 



M := sup 



t 



t e S(0,2M) ^ < oo 



It suffices to show that the function A i— )■ £a ^ -^(Hq) is Lipschitz continuous with the same 
Lipschitz constant separately with respect to each variable. Therefore, taking a complex 
plane parallel to the coordinate planes, we may assume without loss of generality that 
q — I. Put D — -B(Ao, -R/4). It follows from Cauchy's formula that 



(5.2) 



\Uz)\<16MR 



-1 



for all z G J(/) and all X E D, where Cx{z) = -^Cx{z). Hence, for all X,X'eD and x e J(/) 
we obtain 

r-A' 



< 16MR-^\X' - X\. 



Therefore 
(5.3) 



eCv(-) _ eCA^i ^ exp(Re(CA(a;))) |exp(CA'(x) - Ca(^)) - 1| < Me^|CA'(^) - Cxi^) 



< 16MMe^R-^\X' - X\. 
Consequently, for all </? e Hc^, 

I (A' - ^\)<p{z) \ = \JC^\'<p{z) - JCx(p{z)\ = 



J2 ¥'(a:)(e^^'(^) -e^^(^)) 



<ll¥'l|oo Yl 



Hence, 
(5.4) 



xe/-i(z) 

< 16MMe^i?-Meg(/)||(/?||oo|A'- A|. 

1 1 {Cy - CxMloo < IQMMe^'R-' deg(/) | A' - A| 1 1<^| U 



for all X,X' E D and all Lp G H„. In order to estimate the a-variation of the function 
{Cy — ^x)^, -^et X' E D be a point and consider the function ip : D x J{f) x J(/) C 
given by the formula 



Obviously 
(5.5) 



V^(A, w, z) = e^^^"') - e^^(^) + e^^'(^) - e^^'^""). 
ijj{X',w,z) = 0. 
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Put ip{X,w,z) = ^'i/j{X,w, z). Applying (5.1) and (5.2), we get 



\ip{X,w,z)\ = 



(5.6) 



dX 

e 



dX 



Since the function A i— )■ Ca ^ Hq, is continuous, we have that V = sup{V^(Ca) '■ A G 
B{Xo, R/2)} < +00. Applying Cauchy's formula, we have for all z & J{f) and all X & D 
that 



ICaW-Ca(^)I 



1 

27ri 



\2 



< 



16 



dB{\o,R/2) 



'dB{Xo,R/2) 

< lQR'^Va{C^)p{w,z)'' < 16R-Wp{w,z)". 
We can therefore continue as follows. 

\ij{X,w,z)\ < IQR-^Ve^ p{w, z)" + 16MR-^e^ M\Cx{w) - Cx{z 
< (I6i?-Ve^ + 16MR-^e^MV)p{w, zY . 



(5.7) 



Put T = \WR'^e^{\ + MM). Applying (5.7) and using (5.5), we get for all 
{X,w,z) e D X J(/) X J(/) that 



\i>{\w,z)\ = \'i){\w,z) -'i}{x!,w,z)\ 



ip{p, w, z)dp 



< C \^{p, w, z)\\dp\ < T\X' - X\p{w, zr. 
Jx' 



Therefore, using also (5.3), we obtain for all x,y G J{f) with p{x,y) < that 
\{Cx - Cx')(p{y) - {Cx - Cx')(p{x)\ = 



){ip{z)-ip{w)) 



CaM _ gCA(2) _|_ gCA'W _ ^<\'M 



\j2{e'^'^'^ - e'^^'^'^){ip{z) - cp{w)) - 7/j{X,w, z)ip{w) 



\^{z) -^{w)\ + \i}{X,w,z)\ ■ \^{w)\ 



<16MMe^^i?-Meg(/)|A-A'|||(^|Up(y,x)° + r||(^|Udeg(/)|A-A>(y,x)^ 
< (16MMe^i?-i +r)deg(/)|A - A'|||^|Up(y, x)^ 
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Thus, combining this with (5.4), 

\4((£a - Cy)v) < {32MMe^R-' + T+ {OfY) deg(/)|A 
and combining this with (5.4) again, we get 

IKA - LyM^ < deg(/)|(48MMe^i?-i +r + (4'V)|A 

So, 

I |>Ca - A' 1 1 < deg(/) I (ASMMe^R-' + T + (^'^ ) I A 

We are done. 



6. Analytic Extensions of Perron-Frobenius Operators. 

In this section, for a given analytic family of expanding rational semigroups, we construct 
an associated real-analytic family of Perron-Frobenius operators, and then we provide a 
complex analytic extension of this family, in order to use the results proven in the previous 
section. 

Let us first describe in detail the setting of this section. A is assumed to be an open 
subset of a finite dimensional complex Banach space (ex. C^). 

Let {Gx = (/a,i, • • • , /A,s)}AgA be an analytic family of expanding rational semigroups. For 
every X e A put fx = (/a,i, • • • , f\,s) e (Rat)^ Fix Aq G A and put f = fxo- 
Then we easily obtain the following. 

Proposition 6.1. The map X ^ fx is continuous. 

For each A e A, let 6^^^ {i = 1, 2) be the number for fx obtained in Section 4. So, 

for every A e A there exists Rx > so small that f^ E B(^fx, ^mm{9^^^ ,6^^^}) whenever 

7 e B{X, Rx). For each A e A, let /a : x C — )■ x C be tie skew product map associated 
with fx = (/a,i, ■ ■ ■ , f\,s)- We shall prove the following. 

Lemma 6.2. // Aq G A and for every X e B{Xo, Rxq), hx J{f) — >■ J{f\} is the unique 
conjugating homeomorphism coming from Theorem 4-9, then for every z e J(/) the map 
X 'K2{hx{z)) e C; A e B{Xo, Rxo), is holomorphic. 

Proof. Conjugating (/ao,i, • • ■ , fxo,s) by a Mobius map, we may assume that 7r2( J(/)) = 
J((/ao,i, . . . , fxo,s)) C C. By Lemma 4.1, we may assume that J{{fx,i, fx,s)) C C for 
each A G A, in order to prove our lemma. 

Set Rq = Rxq. Fix a repelling periodic point {uj,x) e J(/) of /, say of period p > I. 
Consider the map H{z, A) = 7r2(/^(a;, z)) — z, {z, A) e C x A. Then H{x, Aq) = and 

^i7(^,A)|(,,Ao) = (/7(^,a;)-M0 



- A'lllv^lla, 

- A'lllv^lU- 

-A'|. 

□ 
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since |(/^)'(c<;, x)| > 1. It therefore follows from the Imphcit Function Theorem that there 
exists R{uj, x) > and a holomorphic map Ui^^x '■ B{Xo, R{uj, x)) — > C such that Ui^^xi^o) — ^ 
and H{u^^x{X)i A) = for all A e B{Xo, R{u!, x)). But 7r2{hxg{u!, x)) — 772(0;, x) and, because 
of Theorem 4.9, 

H{'K2{hx{uj, x)), A) = 712 o fxi^, n2{hx{uj, x))) - TT2{hx{uj, x)) 

= 7r2 o f^{hx{uj, x)) - n2{hx{uj, x)) 

^'K2ohxo fP{uj, x) - ■K2{hx{uj, x)) 

= 7r2{hxiuj, x)) - 7r2{hx{uj, x)) = 0. 

Therefore, in view of the uniqueness part of the Implicit Function Theorem, there exists 
R{uj,x) e {0, R{uj,x)] such that u^^xW — ^2{hx{i^ i x)) for all A e B{Xo, R{uj,x)). In 

particular, the map A 1-^ 'ri2{hx{oo,x)), A G B{Xq, R{uj,x)) is holomorphic. Now suppose 
that the map X h-)- 7r2(/iA(w, x)) defined on B{Xo, Ro) fsiils to be holomorphic. Select then a 
parameter Ai e B{Xo,Ro) such that the map X 7:2{hx{u!,x)) fails to be holomorphic at 
Ai but it is holomorphic throughout B(Xo, \ \Xi — Ao| |). Obviously, 1 1 Ai — Ao| | > R{uj, x) > 0. 
Since hx^{uj,x) = liniA^Ai hx{uj,x) (the limit taken throughout B{Xo, ||Ai — Ao||)j, we have 
that fl^{hx^{uj,x)) = hx,{uj,x); also \{fU{hx-,{uj,x))\ > 1 since fx^ G Exp(s). Replacing 
in the above considerations Xq by Ai and x by TT2{hx-t^{uj,x)) thus yields that the map 
X 7i2{h\{hxj^{u!, x))) is holomorphic on a neighborhood of Xi, where h\ : J{fxi) J{f\) 
is the unique conjugating homeomorphism coming from Theorem 4.9. Since hx{uj,x) — 
h\ o hxj^{u!,x) on this neighborhood, we thus conclude that the map X i->- 7r2{hx{uj , x)) is 
holomorphic on a neighborhood of Xi, which is a contradiction. We have thus proved the 
following. 

Claim 1. For every periodic point ^ e J(/) the map X ^ T^2{hx{0) G C, A e -B(Ao, -Ro); 
is holomorphic. 

Now fix an arbitrary point G -/(/) and let (-ZrOn^i ^ sequence or repelling periodic 
points of f converging to Zoo- Define the maps Un '■ B{Xq, Rq) C, n = 1,2, . . . , 00, by the 
formula Un{X) = 7T2{hx{zn)). By Claim 1 all these maps with finite n are holomorphic. It 
follows from Theorem 4.9(c) that there exists a constant Lx^ and a constant kxo suci that 
for all 1 < n < 00 and all X G B{Xo, Rq), 

p{Un{X),Uoo{X)) ^ p{'K2{hx{Zn)),'K2{hx{Zoc,))) < p{hx{Zn) ,hx{z^)) < LxoP{Zn, ZooT^° ■ 

Hence, the sequence {un)'^=i of holomorphic maps converges uniformly on B{Xo, Rq) to the 
map UoQ. So, Uoo '■ B{Xo, Rq) — > C is holomorphic, and the proof is complete. □ 

RemEirk 6.3. Theorem 4-9 and Lemma 6.2 imply that for each ui G S^, J^I/a) moves by 
a holomorphic motion ([13]). 

Now suppose that our Banach space containing A is equal to with some d>l. Embed 
into C^*^ by the formula 

{xi + iyi, X2 + iy2, ■■■,Xd + iya) ^ {xi, yi, X2, y2, ■ ■ ■ , Xd, yd)- 
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For every z & and every r > denote by D(i{z,r) the d-dimensional polydisk in 
centered at z and with "radius" r. We will need the following lemma, which is of general 
dynamics independent character. 



Lemma 6.4. For every M >0, for every R> 0, for every A° G C^, and for every analytic 
function (j) : D(i(A°, i?) — )■ C bounded in modulus by M there exists an analytic function 
4> : -D2d(A°, -R/4) — )■ C that is bounded in modulus by 4°'M and whose restriction to the 
polydisk Dd{X'^, R/4:) coincides with Re0, the real part of (p. 

Proof. Denote by Nq the set of all non-negative integers. Write the analytic function 
: D^(A°, i?) — )■ C in the form of its Taylor series expansion 

0(Ai, A2, . . . , A,) = ^ a«(Ai - (A2 - A°)"^ ... (A, - A^)"'^. 



By Cauchy's estimates we have 
(6.1) 



for all a e Nq. We have 



M 



Re0(Ai, A2, . . . , Xd) 



J] Re aa ( 5^ (ReAi - ReA?)''(lmAi - ImA?) 

(^^^ (ReA2 - ReA°)"(lmA2 - ImA°)"^-^i"^-^' 



ad 



^p=0 



(ReA, - ReA°)^(lmA, - ImA°)"-^i'^-^ 



= 5:Re 



«/3 



^' ' (ReA.-ReA?)''^ (imA, - ImA?)^^ 

Pi 



n 



i=i 



3 ' ' d 



/5 



(1) 



y^f'j {ReXj - ReX^Y^^' (imA,- - ImX^Y^^', 



where we wrote p e Nl'^ in the form {f3[^\ f3[^\ f3i^\ . . . , pf^) and we also put 

P = + + Pf\ ) + /3f ) G K Set 



( ( 
cn = Re l^a^ JJ 



^(1) ^(2) 

+Pl \/P 



(1) 
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Using (6.1), we get 



1=1 ^ A ^ 1=1 



^f3f + /3f )^ 
j=i \ Pj / j=i 



Thus the formula 







defines an analytic function on D2d(Ao,i?/4) and 

|0(xi,yi,x2,y2, ...,Xd,yd)\ < 4'^-/^". 
Obviousfy 0|Dd(Ao,ii/4) = Re0|£,^(Ao,i?/4), and we are done. 



□ 



Let {Ga = (/a,1) • • • ) /A,s)}AeA an analytic family of expanding rational semigroups. 
Coming back to the dynamical situation (and keeping the assumption that A C C*^), we 
assume that for each A e A, J{Gx) C C. 

Remcirk 6.5. Note that in order to prove the main results of this paper, we may assume 
the above. For, by Lemma 4-f, for a fixed \q e A, there exists a neighborhood B of 
Aq and a Mobius transformation u such that for each X & B, J{uGxu~^) C C, where 
uGxU-^ := {ugu-^ : g G Gx}- 

Fix an element Aq G A and set f = /a„, set fx '■= {f\,i, ■ ■ ■ , fx,s), etc., and we use the 
notation which was given in the beginning of this section. For every z £ J{f) consider the 
function 

(6.2) A ^ V.(A) A e L',(Ao,i?o), Ro i^Ao- 

It follows from Lemma 6.2 that this function is holomorphic. Taking Rq > and 6^^^ > 
sufficiently small, we have that 



< 1/6 



whenever p(w, z) < 6^^^ and A e Dd{Xo, Ro)- It therefore follows from Theorem 4.9(d) that 

(6.3) |V^,(A)-1| <l/5 

for all z G J{f) and all A G D^iXo, Rq). Hence, taking a branch log : {z & C : \z — 
1| < 1/5} — )■ C of logarithm with log(l) = 0, for every z G J{f) there exists logip^ '■ 
Dd(Ao,-Ro) a unique holomorphic branch of logarithm of ipz sending Xq to 0. It is 

bounded in modulus by 1/4. Now, in virtue of Lemma 6.4, with R^ G (0, Rq), there exists 
RelogV'z : D2d{Xo,R*) — )■ C, an analytic extension of Re log : Dd{Xo,Ro) — >■ R bounded 
in modulus by 4*^"^ Now for all (t, A, z) G C x -D2d(Ao, R*) x J{f), put 

(6.4) C{t,x)iz) = -mebg V.(A) + Uog |/'(^)| 
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Of course for all z e J(/) all the maps {t, A) i-^ C(t,A)(^) are holomorphic. Let 

coining from Theorem 4.9(c). Aiming to apply Lemma 5.1, we shall prove the following. 

Lemma 6.6. There exists an R (< i?*) such that for every (t, A) G C x D2d{^o, R), the 
function C(t,A) : J{f) C is in and the map {t, A) ^ ((t,\) G H«; is continuous. 

Proof Note that for all (t, A) G C x D2d(Ao, R*), 

(6.5) ||CM)lloo<4'^-'KI + |i|-||log|/'|||oo. 

Fix ri > so small that all the maps f\, A G Dd{Xo, Ro), 1 < i < s, are univalent on 

all disks centered at points of J{f\) with radii equal to r^. Starting with (6.3), applying 
Lemma 6.2 and making use of item (c) of Theorem 4.9, we deduce that there exists a 
constant Mi > 1 and a constant < -Ri < -R* such that 

(6.6) \iP,{X)-iljM\<Mip{z,wr 

for all w,z G J{f) and all A G Dd{\o, Ri)- Hence, there exists a constant M2 > 1 such that 

(6.7) |logV.(A) -logV'«,(A)| < M2p{z,wY 

for all w,z e J{f) and all X e -Dd(Ao, Ri). Applying Lemma 6.4, we get 

(6.8) iRelogV'.(A) - Relo~gV^^(A)| < 4'^M2p(z, w)" 

for all w,z E J{f ) and all A G D2d(Ao, i?i/4). Thus, there exists a constant M > such 
that 

\Cit,x){w)-C{t,x){z)\<M\t\p{w,zY 

for all w,z e J{f) and all {t,X) G C x D2d{Xo, Ri/A). Along with (6.5) this shows that 

C{t.\) ^ for all {t, X) G Cx D2d{Xo, Ri/ 4:). Now we pass to the continuity part of the proof. 
Since Re logipz '■ -D2d(Ao, R*) — )■ C is bounded in modulus by 4^^"^, taking Ri small enough, 
by Cauchy's formula we conclude that for all z G J(/) and all A, A' G D2d{Xo, Ri/A), we 
have 

|Relog^,(A') - Relog^,(A)| < T||A' - A|| 

with some universal constant T > 0. Consequently, for all z e J{f) and all A, A' G 
-D2d(Ao, -Ri/4) and all te C, 

(6.9) ||Cm')-Cm)||oo< |t|T||A'-A||. 

Also, for all z G J{f ), all X G D2d{Xo, -Ri/4) and all to, t E C, we have 

\Cit,x)iz)-Cito,xM < |t-to||RelogV^,(A)| + |t-to|||log|/^|||oo< (4'^-' + ||log|/^|||oc)|t-to|. 
As a direct consequence of this inequality and (6.9), we conclude that 
Vio G C 3Li > VA, y G D2d(Xo, i?i/4) Vi, t' G Di{to, 2) 

||C(r,A')-C(t,A)||oo<i^l||(i',AO-(t,A)||. 
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In order to cope with the Holder variation fix X e D2d{Xo, -Ri/4) and t, t' e C. Then for all 
w,z & J{f) we have 

\{C{t,x){w) - C{t',x){w)) - {C{t,x){z) - C(t',A)(^))| = 

= (t-t')(Relog^,(A)-Relog^^(A)) 

< |t-t'||RelogV'2(A) -RelogV'^(A)| 



Hence 
(6.11) 



< 4:'^M2\t-t'\p{w,z)\ 



V,{Cit,x)-Cit',x))<^'M2\t-t'\. 



In order to consider K(C(t,A) — C{t,x')), by (6.8) and Cauchy's formula, it follows that there 
exists a constant M3 > 1 such that 

(6.12) |(Relog^,(A)-RelJgV^^(A))-(RelogV^,(A')-Rebg^^(A'))| < M3p(^, u;)'^|| A-A'|| 

for all w,z E J{f) and all A, A' G D2d(Ao, -Ri/8). Hence, we get for all to & C and all 
{z,w,t,X,X') e Jiff X D,{to,2) X D2d{Xo,Ri/8), 

KCm) - Cm')) W - (Cm) - C(t,y)){w)\ < {\to\ + 2)M,p{z,wr\\X - X'\\. 

SoV^{(^t,\)—C{t.x')) < (|^o|+2)M3||A— A'll, and invoking (6.11), wc deduce that for any Iq G C 
there exists a constant L2 > 1 such that for any (t, t' , A, A') G -Di(to) 2)^ x D2d{XQ, Ri/Sf, 

V.{Cit,x)-Cit',x'))<L2\\{t,X)-{t',X')\\. 

And bringing up (6.10), we finally get 

\\C(t,x) - C(t',x')\U < (L, + L2mt,X) - {t',X')\\ 

for all {t,t',X,X') G D,{to,2f x D2d{Xo, Ri/8f. 

We are done. □ 



7. Real Analyticity of Bowen parameters and Hausdorff Dimensions 

This section is devoted to prove our main results by applying the tools developed in the 
previous sections. 

We now prove Theorem A. 

Proof of Theorem A: Let A be a finite dimensional complex manifold. Let {Gx}x£A, 
where G\ = (/a,i, . . . ,fxs), be an analytic family of expanding rational semigroups. In 
order to prove Theorem A, as in Remark 6.5, we may assume that A is an open subset of 
and that for each X e A, J{Gx) C C. 

Fix Ao G A and wc use the notations /, fx, etc., which were given in Section 6. Consider 
the family of potentials 4>{t,x) '■ J{f) (t, A) G M x Dci{Xo, Ro) given by the formula 

<l>^t,x)(w) ^ -t\og\fx{hx(w))\. 
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Let Px{t) be the topological pressure of the potential (t>(t,x) with respect the map f : J{f) — > 
J(/), and let jC(^t,x) '■ C{J{f)) — >■ C{J{f)) be the Perron-Frobenius operator defined by the 
formula 

(7.1) A*.A)<^(^)= E e'^'^^^^^M^) ^ E iKihxixWM^). 

Note that P\{t) — Px{t), where P\{t) is the topological pressure of the potential 0(t^A)('"^) — 
— tlog |/j^(w)| with respect to the map fx '■ J (fx) ~^ J{f\)- Since wc are assuming J{Gx) C 
C and the Euclidian metric and the spherical metric are comparable on a compact subset 
of C, we see that Px(t) is equal to the topological pressure P{t, fx) of potential — tlog \\fx\\ 
with respect to the map fx '■ J{fx) ~^ J{f\)j where \\ ■ \\ denotes the norm of the derivative 
with respect to the spherical metric on C. Hence, by [27], for every A e Dd{Xo,Ro), the 
function 1 1— )■ Pa(^) is continuous and strictly decreasing from +00 to —00, and has a unique 
zero S{fx), which is the Bowen parameter of f\ = {fx,i, • • • , fx,s)- 

Note that (p{t,X) = C{t,X) for all (t, A) G M x D(i{XQ, R^,), where C(t,A) the potentials 
defined by (6.4). In particular the formula 

^it,xM^)= E e«'*'^^^'V(^) 

extends (7.1) to C x D2d(Ao, R*). In view of Lemma 6.6, analyticity of the maps (t, A) i-> 
C{t,x)iz), Lemma 5.2 and Lemma 5.1, the function {t,X) i-> J^{t,x) £ -^(H^), (^, A) e 
C X D2d{Xo, R), is holomorphic. One of the central facts (see [15]) of the thermodynamic 
formalism of distance expanding mappings and Holder continuous potentials, adapted to 
our setting, is that e^^*^*-* is a simple isolated eigenvalue of the operator C[t,X) ^ — )■ 
for all (t,X) G M X Dd{XQ,R). It therefore follows from the theory of perturbations for 
linear operators ([10], Kato-Rellich Theorem, p212, p368-370) that given to E'M. there ex- 
ists R G (0,7?) and an analytic function 7 : Di(tQ,R) x D2d{XQ,R) — )■ C such that for 
every (t, A) G Di(to, R) x D2d{Xo, R), 7(t, A) is a simple isolated eigenvalue of the operator 
C(t.x) : Hk — > Hk and 7(to, Aq) = e^^o(*''). Using continuity of the function (t. A) 1-^ Pa(^), 
(t, A) G (to — R,to + R) X Dd{Xo, R), we easily deduce, decreasing R > if necessary, that 
7(t, A) = e^^^*) for all (t, A) G (to -R,to + R)x Dd{Xo, R). Thus we obtain the following: 
Claim: The function (t, A) i->- Px{t), {t, A) G (to — R,to + R) x Dd{Xo, R), is real- analytic. 
Since 

(7.2) = - I log |(/a)' o hx\d^i^t,x) < 0, 

where lJ'{t,x) 1^ the Gibbs (equilibrium) state of the potential (t)(t,x) with respect the map 
f : J{f) — )■ J(/) (see [15, Chapter 4, Theorem 4.6.5]j, applying the Implicit Function 
Theorem, we get that X i->- S{fx) is real- analytic. 

We now prove the rest of Theorem A. We may assume that A is an open subset of C. 
Moreover, as before, we may assume that J{Gx) C C for each A G A. Let Aq G A be a 
point. We now prove that X l/5{fx) is (pluri)superharmonic around Aq. If s = 1 and 
deg(/Ao,i) = 1, then S{fx) = around Aq. Hence, we may assume that either (l)s > 1 or 
(2)s — 1 and deg{fxo,i) > 1. In both cases, we have S{fxo) > 0. Hence, we may assume that 
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for each A e A, S{fx) > 0. We set f — fxo and use the same notations as before. By the 
variational principle, we have that for each X, 

(7.3) = P,W,))= sup \h,{f)-S{h)[ log 1(A)' 0/^,1^4, 

//eM(/) L JJU) ) 

where M[f) denotes the set of all f -invariant Borel probability measures on J{f ). From 
this formula, we obtain 

(7.4) 5(/,)= sup 



i^^Mif) Jj^f-j log I (/a)' ohx\d^i 
So, 

I . , /j(/)log|(/A)'o/lAM/X 

(7.5) — — = mf — — ^ . 

Therefore, the function A i— )■ l/6{fx) is an infimum of a family of positive (pluri) harmonic 
functions. Hence, X i-> 1/S{fx) is (pluri)superharmonic. Thus, we have proved that X i->- 
l/5{fx) is plurisuperharmonic. 

Since the functions x ^ 1/x and x ^ — \ogx arc decreasing convex functions in (0, oo), 
Jensen's inequality implies that X 5(/a) and A log5(/A) are plurisubharmonic. 

Finally, let t eM. be a fixed number. By the variational principle, we have 

Px{t) = sup {hM -t f log K/a)' o hx\ dfi}. 

Hence the function A ^-> Px{t) is equal to the supremum of a family of pluriharmonic 
functions of X E A. Therefore, X i-^ P\{t) is plurisubharmonic. We are done. □ 



Corollary 7.1. Under the assumption of Theorem A, for each A e A, let nx be the maximal 
entropy measure of fx '■ J {fx) — ^ <^(/a) one? let tx be the Gibbs (equilibrium) state of the 
potential — (5(/a) log with respect to the map fx J{fx) ~^ J{fx)- Then, the functions 
A /j^j^)log||/j^||d/iA, A jj^^^^\og\\f'y\\dTx, X ^ hr^(fx), where X E A, are real- 
analytic. 

Proof As in the proof of Theorem A, we may assume that for each A e A, J(G'a) C C. 

We use the same notation as that in the proof of Theorem A. As in the proof of Theorem A, 
we have that Px{t) = Px{t) = Pit, fx) send that {t, X) i— )■ P{t, fx) is real-analytic. Since X h- )■ 
S{fx) is real-analytic, the formula (7.2) and the equation S{fx) = hr^ifx)/ Jj(f^) log ||/aIM'?'a 
imply that the statement of the theorem holds. We arc done. 

□ 



Corollary 7.2. Under the assumption of Theorem A, suppose A C C. Let (fi{X) :— S{fx). 
Then, (pA(f > 2|V(/?|^ m A. 
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Proof. As in the proof of Theorem A, we may assume that (p{X) > for each A e A. 
Since ip is real-analytic and l/(p is superharmonic, the inequality A (!/(/?) < implies the 
inequality of the corollary. □ 

Corollary 7.3. Under the assumption of Theorem A, suppose A is connected and let (p{X) — 
<^(/a)- If f 'is pluriharmonic in a non-empty open subset of A, then (p is constant in A. 

Proof. If (p is pluriharmonic in a non-empty subdomain U of A, then Corollary 7.2 implies 
that (p is constant in U. Since (p is real-analytic, it follows that (p is constant in A. □ 

We now prove Theorem B. 

Proof of Theorem B: The first author has proved in [27] that if G = (/i, . . . , fs) is an 
expanding rational semigroup satisfying the open set condition i.e. there exists a non- 
empty open subset U of C such that Uj^ifj''^{U) C U and such that for each with 
i 7^ J, U\U) n fr\U) = 0, then HD( J(G')) = 6{f), where f = {f,, . . . , f,). As a direct 
consequence of Theorem A, the statement of Theorem B holds. □ 



8. Examples 

Throughout this section, we provide an extensive collection of classes of examples of 
analytic family of semigroups satisfying all the hypothesis of Theorem A and Theorem 
B and we analyze in detail the corresponding Bowen parameter or Hausdorff dimension 
function. 

First, we give some examples of analytic families of expanding rational semigroups sat- 
isfying the open set condition. 

Example 8.1. Let di, o?2 G N, > 2 with {di, (is) (2, 2). LetaeC with < |a| < 1. Then, 

setting g — {z^^,az^'^), we see that the semigroup G = {gi,g2) is hyperbolic, and hence 

1 

expanding. There exists also an open neighborhood U of {z E C : 1 < \z\ < l/|a|''2-i} 
such that gi^{U) U g2^{U) C U and g^^U) n g2^{U) — 0. Hence, small perturbation of 
g satisfies the same property. Therefore, if we take a small neighborhood of V of g in 
(Rat)^, then setting Gf := (/ij/s) for each f E V , we have that {G/j/gy is an analytic 
family of expanding rational semigroups and for each f E V , the semigroup Gf satisfies 
the strongly separating open set condition with the set U. By Remark 2.18, for each f &V, 
5{f) = mAGf)) < 2. 

Proposition 8.2. (See [31, 33]^ Let fi be a hyperbolic polynomial with deg(/i) > 2 such 
that J(/i) is connected. Let K{fi) be the filled-in Julia set of fi and let b e mtK{fi) be a 
point. Let d be a positive integer such that d>2. Suppose that (deg(/i), c?) 7^ (2,2). Then, 
there exists a number c > such that for each A G {A G C : < |A| < c}, setting fx = 
(/a,1) /a,2) = (/i, X{z — by + 6), we have that fx G Exp(2), fx satisfies the separating open 
set condition with an open set Ux, J{{fx,i, fx,2)) is porous, HD(J((/ai., /a,2))) = S{fx) < 2, 
and P{{fx,i, fx,2)) \ {00} is bounded in C. 
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Proof. We will follow the argument in [31, 33]. Conjugating fi by a Mobius transforma- 
tion, we may assume that b — and the coefficient of the highest degree term of fi is equal 
to 1. 

For each r > 0, we denote by D{0, r) the Euclidean disc with radius r and center 0. Let 
r > be a number such that D{0,r) C intK(fi). We set di := deg(/i). Let a > be a 

number. Since d > 2 and {d, di) ^ (2, 2), it is easy to see that (^)^ > 2 ^2(^)~ j ''^ if and 
only if 

We set 

Let < c < Cq be a small number and let X E C be a number with < |A| < c. Put 
f^.^(z) = Xz'^. Then, we obtain K{fx,2) ^ {z e C \ \z\ < (^)^} and 

f^^l{{zeC\\z\=r}) = {zeC\\z\ = {^)^. 



Let Dx := D{0, 2(^)^). Since fi{z) = z'^^{l + o(l)) {z oo), it follows that if c is small 
enough, then for any A e C with < |A| < c. 




This implies that 

(8.3) fr\D,)cfll{{zeC\\z\<r}). 

Hence, setting Ux := mtK{fx,2) \ K{fi), fx = (/i,/a,2) satisfies the separating open set 
condition with Ux. Therefore, setting Gx ■= (/i,/a,2), we have J{Gx) C Ux C K{fx,2) \ 
mtK{fi). In particular, mtX(/i) U (C \ K{fx,2)) C F{Gx). Furthermore, (8.3) implies that 
fx,2{K{h)) C intX(/i). Thus, wehaveP{Gx)\{oo} = U.g.u{«} 9{CV*{h) U CV*{fx,2)) C 
intK(fi) C F{Gx), where CV*{-) denotes the set of all critical values in C. Hence, Gx is 
expanding and P{Gx) \ {oo} is bounded in C. By Theorem B and Remark 2.18, we obtain 
that for each X with < |A| < c, J{Gx) is porous and HD(J(Ga)) = 5(/a) < 2. We are 
done. □ 

Example 8.3 ([33]). Let hi{z) = z^A, h2{z) = z^-l, fi := /if, /2 := hi and f := (/i, /s). 
Let G = (/i,/2). Then it is easy to see that fi{K{f2)) C mt(ir(/2)) and P{G) \ {oo} C 
vaX,{K{f2)). Hence, we have P{G) C F{G), which implies that f G Exp(2). Moreover, it 
is easy to see that f satisfies the strongly separating open set condition with an open set 
U (letting U be an open neighborhood of K{fi) \ mt{K{f2))). Thus there exists an open 
neighborhood V of f in (Rat)^ such that for each g & V, we have that g e Exp(2), g 
satisfies the strongly separating open set condition with U, P{{gi,g2)) \ {oo} is bounded in 
C, and HD( J((g'i, 5^2))) — ^{9) < 2. See Figure 1 for the Julia set of (/i, /2). 
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Example 8.4. For each j — 1,2, let 7j be a hyperbolic polynomial such that deg(7j) > 2 

and J{'jj) is connected. Suppose that K{'~fi) fl -^'(72) = 0, where K{-) denotes the filled-in 
Julia set. Let R > be a large number such that B{0,K) D i^(7i) U i^(72). Then, there 
exists a large positive integer n such that with U := -6(0, R), 

(8.4) 7r"(f7) U 72""(f7) C U and ^^^{U) n 72-"(f7) = 0- 

Thus, setting g = {gi,g2) '■= (71)72); there exists an open neighborhood V of g in (Rat)^ 
such that each f = (/i,/2) G V satisfies the strongly separating open set condition with U. 
Since K{gj) C U for each j = 1, 2, (8.4) implies that setting W :— mtK{gi) U mtK{g2) U 
(C \ U), we have that for each j — 1,2, gj{W) C W. Hence, W C F{{gi, g2)). Combining 
this, CV*{gj) C K{gj) C U where CV*{gj) denotes the set of critical values of gj in C, 
and (8.4), we obtain that P{{gi, g2)) C F{{gi, g2)). Therefore, g = ((71,(72) G Exp(2). Thus, 
if we take the above V small enough, it follows that for each f = (/i, /2) G V , we have that 
f e Exp(2) and f satisfies the strongly separating open set condition. In particular, for 
each feV, HD( J((/i, /s))) = 5{f) < 2 and J{{f^, f^)) is porous. 

Now we describe an example of analytic family {GaIasa of expanding rational semi- 
groups, where Gx = {f\,i: ■ ■ ■ Jx,s), fx = (/a,i, • • ■ , /a,s), such that each Gx satisfies the 
open set condition with U\ but does not satisfy the separating open set condition with any 
open subset of C, and such that for each \, HD( J(Ga)) = ^(/a) < 2. 

Example 8.5. (See [27, Example 6.2]) Let pi,p2, and p-^ E C be mutually distinct points 
that form an equilateral triangle. Let U be the interior part of the triangle. Let ^j{z) = 2{z— 
Pj)+Pj, for each j = 1, 2, 3. Then ^((71, 72, 73)) is the Sierpinski gasket, which is connected. 
Hence (71,72,73) satisfies the open set condition with U but fails to satisfy the separating 
open set condition with any open subset of C. Let x be the barycenter of the equilateral 
triangle P1P2P3 and let r > be a small number such that D(x, r) C U \ U'j^i'jJ^{U), where 
D{x,r) denotes the Euclidean disc with center x and radius r. Let 74 be a polynomial such 
that J{'^a) = dD{x,r). Let u be a large positive integer such that '-^^ "'{U) C U\l}^j^i'^J^{U). 
Set a := 74 . Then, there exists a neighborhood V of a in Rat such that for each $ & V, 
f — (71, 72, 73, /5) satisfies the open set condition with U. Let Gp — (71, 72, 73, for each 
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(3 & V. If we take u large enough, then we may assume that P{Ga) C F{Ga)- Therefore, Ga 
is expanding. Thus, if we take the above V small enough, it follows that for each 13 E V, we 
have that Gp is expanding, Gp satisfies the open set condition with U , and Gfs fails to satisfy 
the separating open set condition with any open subset ofC. also note that for each /3 eV, 
U|=i7j"^(?7) U /3^^{U) is a proper subset ofU. Combining it with [24, Lemma 2.4] and [28, 
Theorem 1.25], we obtain that for each (3 eV, J{Gp) is porous anc? HD( J(G^)) < 2. Thus, 
for each j3 eV , we have 

HD(J(G^)) = 5(71,72,73,^) < 2. 
See Figure 2 for the Julia set of Ga- 

Figure 2. The Juha set of G^ = (71, 72, 73, a). 




Remark 8.6. In the sequel [36] (announced in [30] we will see that there are plenty of 

parameters f = (/i, G Exp(2) such that f satisfies all of the following conditions: (l)fi 
and f2 are polynomials of degree greater than or equal to two, (2)f satisfies the open set 
condition, (3)P{{fi,f2))\{oo} is bounded mC, C^;HD( J((/i, /s))) < 2, and (5)J{{fi, f2)) 
is connected. 

We give an example of analytic family {Ga}aga of expanding rational semigroups satis- 
fying the open set condition and 5{fx) = HD(J(G'a)) = 2, where Gx = (/a,i, ■ ■ ■ , fx,s), fx — 
(/A,i,...,/A,.),A = {AeC:0<|A|<l}. 

Example 8.7. Let \ e C with < |A| < 1 and let fx = (/a,i,/a,2) = {z^,Xz'^) e (Rat)^. 
Let G\ = (/a,i,/a,2)- Then, P{Gx) = {0,oo} C F{Gx) and therefore Gx is expanding. 
Let Ax = {z e C : 1 < \z\ < 1/|A|}. Then, we have fx}{Ax) U fx^l{Ax) C Ax and 
f^l{Ax) n fxli^yl ~ ^- Hence, Gx satisfies the open set condition. Therefore, by [27], 
we have 5(/a) = HD(J(Ga))- Since the point 1 belongs to the Julia set of fi = fx,i, we 
have 1 e J{Gx)- Moreover, we easily obtain that UggGAfl'^(l) dense in Ax- Hence, by [8, 
Lemma 3.2], it follows that J(Gx) = A^. Thus, 5{fx) = HD(J(G'a)) = 2. 

We give another example of analytic family of expanding rational semigroups such that 
HD(J((/a,i,...,/a.)))<5(/a)<2. 
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Example 8.8. Let di, ^2, ■ ■ ■ , c^s £ such that dj > 2 for each j — 1, . . . , s. Let g — 

{gi, ...,gs) = (^'^i, ...,z'^')e (Rat)^ Let Lt : C{J{g)) C{J{g)) he the Perron Frobenius 
operator defined by the formula 

LMz)^ E \~9'(y)\~My)- 

Then, we have Lfl = (X^^^i ^t^)l; where 1 denotes the constant function taking the value 
1. Hence, setting f3{t) — Yl^i=i have 

j 

(8.5) = e-f'(*'5\ 

Thus, f3{S{g)) = 1. We now assume that Xl^=i T ^ ^- Then, since the function t Pit) 
is strictly decreasing, we obtain that 5{g) < 2. Since f i— )> 5{f) is continuous around g, it 
follows from [27] that there exists an open neighborhood U of g in (Rat)'* and an e > 
such that for each f & U, HD((/i, . . . , fs)) < 5{f) < 2 — e. In particular, for each f & U, 
int J((/i, . . . , fs))) = 0. By Remark 2.21 and Remark 2.24, for almost every f & U with 
respect to the Lebesgue measure, so((/i, . . . , fs)) — to{f) — ^{f) < 2 — e < 2. 

Let us now provide several sufRcient conditions for f to satisfy S{f) > 2. 

Example 8.9. Using the same notation as that in Example 8.8, suppose there exists an 
integer m such that di ~ ■ ■ ■ — dg — m. Then, by (8.5), we obtain 5(g) = 1 + Since 
the function f i— )■ 6{f) is continuous and plurisubharmonic around g, it follows that for 
each open neighborhood U of g in (Rat)*, there exists a non-empty open subset V ofU\{g} 
such that for each f E V, 

(8.6) 5if)>l + ^. 

logm 

We now assume that s > m. Then, from the equality 6{g) = 1 + and the continuity 
of f t-^ 6{f) around g, it follows that for each e with < e < — 1, there exists an 

open neighborhood W of g in (Rat)'' such that for each f G W, 6{f) > 1 + — e > 2. 
In particular, for each f e W, f does not satisfy the open set condition. Moreover, by 
Remark 2.21 and Remark 2.24, for almost every f E W with respect to the Lebesgue 
measure, we have so((/i, ■ ■ ■ , /s)) = ^o(/) = S{f) > 1 + - e > 2. Note that for a 
fixed m, 1 + ^ oo as s — )> oo. Thus, the functions f i— > S{f), f i— > t^if), and 

f ^ •So((/i) ■ • • ) fs)), where f e Exp(s), are unbounded, if s runs over all positive integers. 

Proposition 8.10. Let g = [gi, . . . , gs) G Exp(s) and let G = {gi,...,gs). Let m2 be 
the 2- dimensional Lebesgue measure. Suppose that there exists a couple {i,j) with i ^ j 
such that m2{g^^{J{G)) n gf^{J{G))) > 0. Then, 6{g) > 2. In addition, for each < e < 
S{f) — 2, there exists an open neighborhood U of g in (Rat)* such that for each f E U, 
Sif) > 5ig) - e > 2. 

Proof By the assumption, [27] implies that 5{g) > HD(J(G)) = 2. Suppose 5{g) = 2. 
Then, by [27, Proposition 4.13], we obtain a contradiction. Thus, 6{g) > 2. Since the 
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function f i-> 5{f) is continuous around g, the rest of the statement of the proposition 
holds. We are done. □ 

Example 8.11. Let g = (s'l, 5^2, S's) = (-2^,-2^/4,-2^/3) G (Rat)^ and let G := {gi,g2,g3). 
Then, P{G) = {0, 00} C F{G) and so G is expanding and J{G) = {z E C : 1 < \z\ < 4}. 
By [27, Example 4.14], (or by Proposition 8.10), we have that 6{g) > 2. Since the function 
f ^ ^(/) ^■s continuous around g, it follows that for each e with < e < 6{g) — 2, there 
exists an open neighborhood U of g in (Rat)'^ such that for each f & U, d{f) > 6{g) — e > 2. 
Moreover, by Remark 2.21 and Remark 2.24, for almost every f & U with respect to the 
Lebesgue measure, we have So((/i, /2, fs)) = io(/) = ^if) > S{g) - e > 2. 
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